A proof of the Ending Laminations Theorem is given which uses Teichmüller geodesics directly, restricted, for simplicity to the case when the ending laminations data is a pair of minimal laminations.
1
Minsky's proof of the Ending Laminations Conjecture for any Kleinian surface group Γ ( [7] , [3] ) can be considered to consist of three stages:
1. the construction of a geometric model up to quasi-isometry, given the ending laminations of H 3 /Γ; 2. the construction of a map from the geometric model to H 3 /Γ which is Lipschitz, at least onto the thick part of H 3 /Γ; 3. a proof (with Brock and Canary) that this map is, in fact, biLipschitz. The extant construction of the geometric model and the Lipschitz map use the curve complex and deep and extensive work of Masur and Minsky [5] on hierarchies of tight geodesics in the curve complex. The purpose of this paper is to show that it is possible to work directly with Teichmüller geodesics. The theorems are as follows. Throughout this paper, a Kleinian surface manifold N is a complete hyperbolic 3-manifold such that the following holds for some surface S of analytically finite type (compact minus finitely many punctures). There is an isomorphism ρ : π 1 (S) → Isom(H 3 ) where ρ induces an isomorphism to π 1 (S) to π 1 (N ), using the realisation of H 3 as the universal covering space of N . The isomorphism ρ is assumed to map parabolics on S to parabolics. We also assume that the inverse image under ρ of a parabolic is a parabolic. This last is not part of the usual definition of a Kleinian surface manifold, but is equivalent to minimality of the ending laminations associated to any infinite end. Theorem 1.1. Let geodesic lamination ending data µ ± for a Kleinian surface manifold with fundamental group isomorphic to π 1 (S) be given, where µ ± are minimal laiminations. Take any sequence ℓ n of geodesic segments with endpoints [ϕ n,± ], and finite sets γ n,+ , γ n,− of disjoint simple loop such that |ϕ n,+ (γ n,+ )| is bounded and similarly for |ϕ n,− (γ n,− )|, such that γ n,+ → µ + , γ n,− → µ − in the topology on geodesic laminations. Then there there is a Riemannian manifold M (ℓ n ) such that, for any basepoint x n ∈ ℓ n such that x n is in a bounded subset of T (S), any geometric limit of (M (ℓ n ), x n ) is the same up to quasi-isometry.
We now write M (µ + , µ − ) for any geometric limit of (M (ℓ n ), x n ), as in Theorem 1. We say that a map Φ : M → N is coarse biLipschitz if d 1 , d 2 are the lifted metrics on the universal coversM ,Ñ of M , N and there is K such that for all x, y ∈M ,
whereΦ is a lift of Φ. A coarse-biLipschitz map allows the construction of a quasiconformal map of ∂H 3 , invariant with respect to the actions of the covering groups Γ 1 and Γ 2 given two hyperbolic manifolds N 1 and N 2 with the same ending data µ ± . Such a quasiconfomal map must be conformal by Sullivan's result [12] that there are no Γ 1 -invariant line fields on ∂H 3 .
Theorem 1.2. Let N be any hyperbolic Kleinian surface 3-manifold with ending data µ ± consisting of two minimal laminations. Write M = M (µ + , µ − ). Then there is a Lipchitz and coarse-biLipschitz map Φ : M → N .
This thus gives an alternative proof to the Ending Laminations Theorem, working directly from Teichmüller geodesics. The basic strategy is guided by Minsky's strategy, which has been clear from his papers on the subject over a number of years. Reliance on results proved by Minsky in his work on the bounded geometry case [6] , [8] ) (but which have wider applications) is crucial.
It is certainly not the intention to detract from or diminish the achievement of Minsky in the proof of the Ending Laimination Conjecture. To a relative outsider, the most striking part of this achievement is the translation of the combinatorial data into geometric data, and the determined pursuance of this, from beautifully illuminating special cases which were first achieved by Minsky some ten years or so ago (or more). The present purpose is to show that the combinatorial data does, in fact, have a very simple description in terms of the geometry of Teichmüller space, which does seem to represent a considerable simpification of some of the arguments used hitherto, and may be of use in the future.
The paper proceeds as follows. In Section 2 we introduce pleated surfaces. We consider only pleated surfaces with pleating loci consisting of simplel oops and leaves asymptotic to these. The closed loops in the pleating loci that we consider always give a pair-of-pants decomposition in S. Minsky's rather astonishing result [6] , that there is a bounded homotopy between pleated surfaces in N whose pleating loci are related by an elementary move, at least in the thick part of N , is stated. This is without any assumption on the length of loops in the pleating loci. Each pleated surface f represents a point [f ] in Teichmüller space, but at this point there is no obvious link between the loops in the pleating locus of f and [f ]. Nevertheless Minsky's result comes close to saying that
) is bounded when the pleating loci of f 1 and f 2 are related by an elementary move, and does indeed imply this if there are no short loops in either pleating locus, as we show. Minsky used this result to prove the Ending Laminations Theorem in the bounded geometry case [6] , [8] .
This motivates the introduction of thin-modified pleated surfaces in Section 2, and we modify Minsky's results for these. Using these, and Bonahon's result [2] about the existence of pleated surfaces g ± approaching each end, we are able, in section 5, to produce a sequence of thin-modified pleated surfaces g n , −n − ≤ n ≤ n + , g −n− = g − , g n+ = g + , with g n and g n+1 related by one or two elementary moves (just one except in some exceptional cases), and with pleating loci of g n , g n+1 related by a bounded element of the mapping class except in the simply handled exceptional cases, so that the sum of
. It turns out that this is enough to start to extract some information about the geometry of the surfaces g n , by using induction on the topological type of the surface.
This depends heavily on the other main input of the proof, the theory of Techmüller geodesics from [10] , of which relevant features are described in Section 3. The most important result is probably 3.5, which states how to decompose ℓ × S, for any geodesic segment ℓ in the Teichmüller space T (S), into disjoint sets ℓ j × α j , where each ℓ j is a geoodesic segment and each α j is either an essential subsurface of S or a nontrivial nonperipheral simple loop. The sets ℓ j × α j are of two types, either bounded or long, thick and dominant (ltd). Definitions are given in Section 3, but essentially, ignoring the case of α j a loop for the moment, each bounded ℓ j × α j has bounded geometry, with ℓ j projecting to bounded length in the Teichmüller space T (α j ) and for ltd ℓ j × α j , the projection of ℓ j to T (α j ) is long, and in a thick part of T (α j ) -but we caution that the Margulis constant used to define thick is not fixed here.
This decomposition of ℓ×S is not canonical , but one important, and possibly surprising, fact about it is that it can be made vertically efficient, in the sense that if ℓ j and ℓ k are adjacent, and both ℓ j × α j and ℓ k × α k are both bounded, then α j ∩ α k does not contain any essential subsurface , not even an annulus. The decomposition of ℓ × S is used to define the geometric model manifold M (µ − , µ + ) in Section 4, and also to construct the sequence g n of thin-modified pleated surfaces in Section 5. Most of the proof of the main Theorem 1.2 then reduces to bounding the length of the pleating loci of the surfaces g n , which is basically the content of 5.2. One would not expect the bound on the sum of the d([g n ], [g n+1 ]) to be sufficient for this. But it is in fact enough to give an inductive proof. The starting point is a new result related to Teichmüller geodesics 3.11 which gives a chain of ltd's ℓ j ×α j , 0 ≤ j ≤ R 1 , which can be taken as a subset of the whole decomposition, numbered so that ℓ j are disjoint but in increasing order with ℓ j and ℓ j+1 a bounded distance apart and α j ∩ α j+1 = ∅.
The first step in the proof of 1.2 is then to show that the geodesics (∂α j ) * in N are bounded and that γ * is bounded if |ϕ(γ)| is bounded for some [ϕ] ∈ ℓ j , if γ ⊂ α j . This is proved for j ≤ R 1 in 5.1, and uses an inductive step in 5.2, as well as the theory of geodesics which is summarised in Section 3. Having established bounds for the ℓ j ×α j for j ≤ R 1 , since the ℓ j come within a bounded distance of every point on ℓ, we are able to use induction to obtain bounds for all ℓ j × α j in 5.2, using an induction. This is the bulk of the work. The construction of the Lipschitz and coarse biLipschitz map from M (µ − , µ + ) to N is then relatively straightfoward, since by now we know that a thin-modified pleated surface with known geometry comes within a bounded distance of every point of N , This means that the construction of the Lipschitz map is really immediate, and it is quite easy to show that Margulis tubes in N round sufficiently short loops come in the same order as "Margulis tubes" in the model manifold M -and that the thin-modified pleated surfaces never wraps round Margulis tubes in N . The proof of course biLipschitz then reduces to proving it for each piece corresponding to each ℓ j × α j . There is nothing to prove if ℓ j × α j is bounded, and if ℓ j × α j is ltd, this is like the bounded geometry case.
I should like to thank Yair Minsky for constructive and helpful discussion of these ideas since I contacted him about them in 2001, and the organisers of the Newton Institute August 2003 Workshop on Kleinian Groups for the opportunity to expound some of the ideas.
2 Pleated Surfaces.
2.1
The powerful tool of pleated surfaces was introduced by Thurston. Let N be any Kleinian surface manifold, with corresponding finite type surface S, and ρ : π 1 (S) → π 1 (N ). A pleated surface (for (N, S, ρ)) is a map f : S → N with f * = ρ, together with a geodesic lamination µ on S, such that each component of f (S \ µ) is a totally geodesic with boundary consisting of complete geodesics in N . We then call µ the bending locus of f . One could quibble about this because µ is then not quite uniquely defined given a map f : there may be no bending along some leaves of µ. But one can at least be sure that there is no bending along any geodesic which intersect µ transversally, and it will be convenient in the present work to assume that the structure of a pleated surface includes a lamination µ such that any bending takes place inside µ and none outside it.
It is convenient to restrict to laminations which have at most one leaf ending at any puncture of S. If we make this restriction, then we can make a complete hyperbolic 2-manifold from f (S), even if f is not an embedding, by making a developing map from the universal cover of S into the hyperbolic plane. For the developing map, the lamination maps to a lamination in the hyperbolic plane with transverse Lebesgue measure 0. The existence of the developing maps is a nontrivial fact. However, it does exist, and pleated surfaces are a standard tool in hyperbolic geometry.
Making examples, and Nielsen coordinates.
The easiest way to make a pleated surface is to choose a lamination on S in which every leaf is either a simple closed geodesic or has each end asymptotic to either a closed geodesic to the lamination, or to a puncture, and so that any complementary component of the lamination is a polygon. There are many such examples, and we can easily keep to the rule mentioned in 2.1 of having at most one leaf asymptotic to any puncture. Since we want complementary regions to be polygons, this means that we need exactly one leaf asymptotic to each puncture. For such a lamination, the image of any closed leaf is, of course, a closed geodesic in N . The length in N is also the length in the hyperbolic surface determined by f . This will be important in section 5. A pleated surface is obtained by spinning round closed loops if the nonclosed leaves of the pleating locus are obtained as follows. Take a loop set Γ such that S \ (∪Γ) is a union of pairs of pants, with some boundary components of zero length at punctures. Fix a decomposition of the surface into hexagons, possibly with some sides of zero length, by taking a set of arcs in the pais of pants joining boundary components. Fix a homeomorphism ϕ which is a nontrival Dehn twist round each loop of Γ. If α is any of the arcs then as n → +∞, ϕ n (α) converges to an infinite arc which is asymptotic to a loop of Γ or a puncture of S at each end. The union of Γ and the limits of such arcs is the pleating locus of a pleated surface obtained by spinning round Γ. These are, in fact, the basic examples mentioned in Thurston's notes Chapter 8 [13] .
Bonahon's pleated surfaces
Let N be any Kleinian surface hyperbolic 3-manifold with ending data µ ± are minimal laminations. Then it follows from [2] (especially 3.4 of [2] ) that for any sequence ζ n,+ with corresponding closed geodesics ζ * n,+ converging to the end of N corresponding to µ + , i(ζ n,+ , µ + )/|ζ n,+ | S → 0, where i is the usual intersection number for measured laminations, using any finite tramsverse invariant measures on µ ± . Here, |ζ n,+ | S denotes length in the surface S, with respect to any fixed hyperbolic metric on S. Bonahon also shows (in his Section 4) that there is such a sequence of simple loops ζ n.+ . Indeed, he shows that is it possible to choose the loops ζ n,+ so that the lengths |(ζ n,+ ) * | of the corresponding geodesics are bounded. This can be done by taking some sequence of simple loops which are not necessarily bounded, and using these to make a sequence of pleated surfaces, as described in 2.2. There is a uniform bound on the diameters of the thick parts of all these pleated surfaces. Then take a simple closed loop on each pleated surface, which is bounded with respect to the induced hyperbolic metric on that pleated surface. The geodesics in these homotopy classes are then also bounded, and converge to the same end. So now we assume, as we may do, that |(ζ n,+ ) * | ≤ L(S), for a constant L(S) depending only on S, and similarly fo a sequence ζ n,− with i(ζ n,− , µ − )/|ζ n,− | S → 0. We can also assume that L(S) is large enough for there to exist [ψ n,± ] ∈ T (S) with |ψ n,
Given a basepoint [ψ 0 ] ∈ T (S), minimality of µ ± ensures that there is ∆ 0 > 0 with the following property. For all n, there is some [ψ
If the positive end is finite then µ + is a loop and we can take ζ n,+ = µ + for all but finitely many n, and similarly if the negative n is finite. If both positive and negative ends are finite, then we do not have (2.3.1), but that is the only difference.
Thin-modified pleated surfaces.
If f : S → N is a pleated surface, then the pullback under f of the induced hyperbolic metric on f (S) ⊂ N is a measurable Riemannian metric σ f on S of bounded distortion , which therefore defines a measurable conformal structure [σ f ] -which is of course the pullback of the comformal structure on f (S) -with associated Beltrami differential β f such that β f ∞ < 1. It is common to describe Teichmüller space as a space of equivalence classes of Beltrami differentials, and [β f ] = [f ] for f as described above. For any f : S → N such that f is differentiable of maximal rank a.e. with L ∞ bounds on Df and on
(where D i,j f denote the maximal square submatrices of the derivative, using isometric coordinates on the image) then the pullback metic σ f again has bounded distortion, and [µ f ] ∈ T (S). We again denote this by [f ] . In general, the associated hyperbolic metric is not isometric to σ f . But in many cases it differs from it by bounded distortion. We can see this because a geodesic of bounded length in a hyperbolic surface is identified by there being an annulus in the surface which is homotopic to it and of modulus bounded from 0. So if we can find an annulus neighbourhood of a closed nontrivial nonperipheral loop in f (S) which is of modulus bounded from 0, we know that the corresponding geodesic in the hyperbolic surface [β f ] has length bounded above. Also, we can identify short loops and estimate their length by estimating the maximum moduli of annuli homotopic to them. We shall use thin-modified pleated surfaces. We start with a pleated surface f : S → N . We make no modification unless the pleating locus of f includes short loops. If there are such short loops, then we may make modifications corresponding to some or all of the short loops. A modification corresponding to a short loop is determined by the homotopy class of an arc transverse to the short loop (homotopy keeping endpoints fixed). So let γ be any short geodesic in S, with respect to the metric induced by f , such that γ is in the pleating locus of f . Let T (γ, ε) denote the ε-Margulis tube round γ in the metric on S induced by f . Let x 1 , x 2 be any two points in T (γ, ε 0 ) on opposite sides of γ. Fix a homotopy class of arc in U joining x 1 and x 2 . Then we can make a thin-modification corresponding to (γ, α) as follows. Let R i be the distance of x i from γ in the metric induced by f and let γ i be the component of points distance R i from γ which contains x i . Then γ i is a simple closed loop homotopic to γ. Define a map ϕ : γ 1 → γ 2 which maps x 1 to x 2 and scales length by a constant factor. Let U be the subset of S containing γ and bounded by γ 1 and γ 2 . Let α x be the arc in U which is homotopic to I x ∪ α ∪ ϕ(I x ) where I x is one of the arcs joining x to x 1 . (It does not matter which.) Define g : S → N to be f outside U and on the boundary of U , and to map the geodesic segment in U joining x and ϕ(x) which is homotopic to α x to the geodesic segment in homotopy class of f (α x ) joining f (x) to f (ϕ(x)). In applications, we shall choose x 1 and x 2 to be a bounded distance apart in N .
Bounded distance between pleated surfaces.
Given any set of disjoint, isotopically distinct, simple closed curves Γ on S, we can make a pleated surface whose pleating locus includes Γ. In fact we could take all other leaves in the pleating locus to have ends asymptotic to either curves in Γ or punctures of S. In particular, if S \ (∪Γ) is a union of pairs of pants, where some of these pairs of pants have zero length boundaries, at punctures, then Γ can be part of a pleating locus. There is an estimate on distance between two such pleated surfaces, derived as follows. Any two loop sets Γ 1 , Γ 2 which decompose S into pairs of pants can be connected by a sequence of elementary moves [4] . The loop sets Γ 1 and Γ 2 are connected by just one elementary move if there are γ 1 , γ 2 with exactly two essential interesctions, with γ i ∈ Γ i and Γ 1 \ {γ 1 } = Γ 2 \ {γ 2 }. Minsky proved the following in 4.1 and 4.2 of [6] Lemma The following holds for any Margulis constant ε 0 > 0, and some constants C > 1, and M (ε 0 ). Let N be a Kleinian surface hyperbolic 3-manifold with π 1 (N ) ∼ = π 1 (S). Let f 0 : S → N , f 
Projections onto subsurface Teichmüller Spaces
The thin part of T (S) has an approximate product structure, as is well known. We refer to Section 2 of [11] for the construction of projections from T (Γ, ε) to T (α), for any set Γ of simple disjoint nontrivial nonperipheral closed loops, and for any component α of S \(∪Γ). (In [10] , we worked explicitly only with marked spheres, for which the projections are very easy to define, but the results of [10] do apply to any finite type surface.) The projections to T (γ) for γ ∈ Γ are also described in [11] (and in [10] ). If γ ∈ Γ then T (γ) is the upper half-plane, and so we identify π γ ([ϕ]) with a complex number for [ϕ] ∈ T (γ, ε 0 ). This identification gives
Im
assuming ϕ(γ) is geodeisc in ϕ(S).We measure Re(π γ ([ϕ])) by fixing a loop ζ which intersects γ transversally. Then
is an integer realising the minimum of
where ζ n is the geodesic in ϕ(S) homotopic to ϕ(σ n γ (ζ) and σ γ is Dehn twist round γ. This definition does not depend on ζ in any essntial way because
2.7
We have the following, which is an extension of 2. For any path ζ such that ζ ∩ γ = ∅ for any γ ∈ Γ 0 ∪ Γ ′ 0 with |γ * | < ε 0 , and such that ζ is in the ε 0 -thick part of S(f 0 ), we have, assuming that f
This follows directly from Minsky's result 2.5. For it suffices to prove it for ζ of bounded length, when it suffices to prove that the lift of f Now we can extend the bounded track homotopy into T (γ * , ε 0 ) for any γ which is intersected by a loop of Γ 0 ∩ Γ ′ 0 , and indeed the length of the homotopy tracks in T (γ, ε) is ≤ M ε/ε 0 . For if ζ is such a loop, we can take the homotopy to be constant on ζ. The homotopy is then defined within a bounded distance of every point of the Margulis tube T (γ, ε 0 , f 0 ) ⊂ S(f 0 ) and can then be extended across the whole Margulis tube. Now we can extend the bounded track homo-
, we can first extend the homotopy to f 0 (γ) itself. Then on each component ∂T (γ * , ε 0 ), we can choose a point on a geodesic α asymptotic to γ in the pleating locus of f 0 and assume wthout loss of generality that the homotopy maps x to a point x ′ on a geodesic α ′ in the pleating locus of f ′ 0 and also asymptotic to γ. Then for a choice of liftα of α the homotopy determines liftsγ anα ′ of α ′ such thatα and α ′ remain a bounded distance apart between the lifts of x, x ′ until a bounded neighbourhood ofγ is reached. Let T (f 0 (γ), ε 0 ) denote the ε 0 -Margulis tube round f 0 (γ) in the metric induced on S by f 0 . So we can extend the homotopy to homotope
outside a bounded neighbourhood of γ * , and similarly for an arc on the other side of γ * . Then the homotopy can be extended to the whole of T (f 0 (γ), ε 0 ), again with bounded tracks and better. This time the tracks have length ≤ M (ε 1 /ε 0 + |γ * |/ε 1 ) on ∂T (γ * , ε 1 ). Now the homotopy bound shows that we can bound |f 0 (ζ)|/|f ′ 0 (ζ)| above and below for any ζ which does not intersect γ 0 ∪ γ ′ 0 , such that |f 0 (ζ)| is small, assuming both f 0 (ζ) and f ′ 0 (ζ) are geodesic. We see this by showing that |f 0 (ζ)| is boundedly proportional to ε where ε is the smallest number such that the T (f 0 (ζ), ε 0 ) intersects T (ζ * , ε). For then |f ′ 0 (ζ)| will also be boundedly proportional to ε. Clearly we have |f 0 (ζ)| > ε. But we also have a lower bound of − log ε − C 0 , for a suitable constant C 0 , on the distance between f 0 (ζ) and ∂T (f 0 (ζ), ε 0 ), which gives a bound |f 0 (ζ * )| ≥ ε/C 1 , for a suitable constant C 1 .
Also using the homotopy bound, for γ = γ 0 , γ = γ ′ 0 with ε = |f 0 (γ)| small and ζ intersecting γ at most twice, we can bound |n − n ′ | where m = n, m = n ′ respectively realise the minima of |f 0 (σ
This is because n is such that the signed length of f 0 (ζ) (assuming this is geodesic in S(f 0 )) within a bounded distance of f 0 (γ) is (n + O(1))ε, and similarly for 
We define g 0 = f 0 unless |(γ 0 ) * | < ε 0 , and similarly for g
, we can find a corresponding pair of geodesic arcs α 1 , α 2 in f 0 (S), both asymptotic to f 0 (γ), and liftsα 1 ,α 2 , so that the finite ends ofα 1 andα 2 are a bounded distance from the ends of a lift α ′ of α ′ . The finite endpoints ofα 1 andα 2 identify points in the universal cover of S and an arc α in S. We then take g 0 to be the thin-modification of f 0 relative to (γ 0 , α) (2.4). Write S(g 0 ) and S(g | is large and |f 0 (γ 0 )| is small. Then χ has been defined except on T (γ, ε 0 , g 0 ), up to bounded distance. We need to extend χ to T (γ, ε 0 , g 0 ), keeping the bounded distortion. We do this using the arcs α 1 and α 2 , and α
Then we can extend χ to map β 1 ∪ β 2 to all but a bounded arc of α ′ around f ′ 0 (γ 0 ), keeping bounded distortion, and can then extend χ to all of T (γ, ε 0 , g 0 ), again keeping bounded distortion and with
2.8
The following extends some of the ideas of 2.7. Lemma Given L 0 > 0, the following holds for a suitable L ′ 0 > 0 depending only on L 0 and the topological type of S. Let f : S → N be a pleated surface with γ in its pleating locus. For i = 1, 2, let g i : S → N be a thin modification of f for (γ, α i ), for arcs α i such that there is a homotopy of diameter ≤ L 0 between f (α 1 ) and f (α 2 ). Then
Proof. As in 2.7, we use the natural map along homotopy tracks between g 1 (S) and g 2 (S). Most of the time, these homotopy tracks have length zero, and they are always bounded, by the conditions on α 1 and α 2 . To make the bound on
)|, more care is needed. Let S(g i ) be the surface with hyperbolic metric where the conformal structure is that induced by g i . we can regard g i as a homeomorphism from S to S(g i ) We assume without loss of generality that g i (γ) is geodesic inS(g i ) and let |g i (γ)| denote its length in the
for a fixed Margulis constant ε 0 . Then |g i (γ)| is , to first order, the inverse of the modulus of T (γ, ε 0 , g i ). But the moduli of T (γ, ε 0 , g 1 ) and T (γ, ε 0 , g 2 ) differ by an additive constant. So |g 1 (γ)| and |g 2 (γ)| are the same to first order. So to prove (2.8.2), it suffices to prove that
To do this we use a very standard bound on Teichmüller distance. Let q(z)dz 2 denote the quadratic differential on S(g 1 ) whose stable and unstable foliations are the directions of minimal and maximal distortion of the homeomorphism χ 1 : S(g 1 → S(g 2 ) with minimal distortion subject to the con
See for example 8.2 of [10] . But we can clearly choose χ to be the identity execpt in a bounded modulus annulus containing the annulus in which g 1 differs from g 2 . For any quadratic differential normalised to have total measure 1, the measure of this annulus is at most proportional to the inverse of the modulus of T (γ, ε 0 , g 1 ). Then (2.8.3) follows.⊓ ⊔
2.9
We have the following extension of the ideas of 2.7, 2.8 Lemma The following holds for a constant L 0 . Let Γ 0 be a loop set such that S \ (∪Γ 0 ), is a union of pairs of pants, with some boundary components of length zero at punctures. Let ζ ∈ Γ 0 and let γ be a simple loop intersecting ζ twice times, but no other loop in Γ 0 , so that Γ 0 and Γ 0 ∪ {ζ} \ {γ} are related by an elementary move. Let n be an integer . Let
If |γ * | ≥ ε 0 then the result is automatic. In fact, since ζ and σ n γ (ζ) are related by two elementary moves, we then have by 2.7 that
It follows that we can choose pleated surfaces g 2j with pleating locus Γ 2j and a thin-modification g 2j+1 of a surface with pleating locus Γ 2j+1 such that homotopy tracks between g 2j+1 and both g 2j and g 2j+1 are bounded, and homotopy tracks in T (γ * , ε) between them (if any) are O(ε). Then we have a uniform bound on |g j (γ). It follows that
.
From 2.8 we have
These together give the required bound on
is automatically bounded since g 1 and g 2|n|−1 are both thin-modifications of the same pleated surface for γ (or can be assumed to be so). Therefore we also have a bound on
2.10
We also have the following corollary to 2.7. Corollary to Lemma 2.5 Given L there is L ′ such that the following holds. Let N be any Kleinian surface hyperbolic 3-manifold, with π 1 (N ) ∼ = π 1 (S) for a finite type surface S. Let γ * denote the geodesic in N corresponding to any
′ for any γ which can be freely homotoped into γ 0 ∪ γ ′ 0 . In fact, there is a map f : S → N such that f * is the given isomorphism on π 1 and such that |f
The last two statement proves the lemma, since then
The number of intersections between γ 0 and γ ′ 0 is ≤ L. So we can find loop
is a union of pairs of pants (with some boundary components at the punctures and thus of zero length), Γ i and Γ i+1 are related by an elementary move for all 0 ≤ i < n, and n and Max i,j #(Γ i ∩ Γ j ) are bounded in terms of L. This follows from the fact [4] that the pants complex is connected by elementary moves, and the fact that, given L, γ 0 ∪ γ ′ 0 lies in one of finitely many homeomorphism classe, and we can then choose Γ 0 ∪ Γ n to lie in one of finitely many homeomorphism classes. Let f i : S → N be a pleated surface whose pleating locus includes Γ i . Then we can take thin-modifications
Then because the number of intersections between Γ i−1 and Γ i+1 is bounded, there cannot be any Margulis tube of large diameter in the homotopy between f i−1,i and f i+1,i . It follows that we can take f i,i−1 and f i,i+1 to be the same thin-modification of f i and therefore simply call
for all i, and similarly for γ ′ 0 . So we can take f = g i for any i and L ′ = C n e nL0 .⊓ ⊔ 3 Long thick and dominant ideas
3.1
In this section we explain and expand some of the ideas of long thick and dominant (ltd) segments which were used in [10] and expounded in [11] . The basic definitions are as follows. We refer to [10] for full explanations. We fix a Margulis constant ε 0 . For x = [ϕ] ∈ T (S) a loop at x is a nontrivial nonperipheral loop γ ⊂ S such that |ϕ(γ)| < ε 0 , and a gap at x is a subsurface whose boundary ∂α is a set of loops at x. Now suppose fixed a directed geodesic or geodesic segment ℓ in T (S) through x. Let q(z)dz 2 denote the corresponding quadratic differential at x, normalised (as usual) to have mass 1. Then for any nontrivial nonperipheral γ ⊂ S, ϕ(γ) can be homotoped to good position relative to q(z)dz 2 , and the q-d length |ϕ(γ)| q is length with respect to the quadratic differential metric for any homotopy representative in good position. For any essential nonannulus subsurface α ⊂ S, including any gap at x, a(α, q) is the area with respect to q(z)dz 2 of ϕ(α) where ϕ(∂α) is in good position and bounds the smallest area posisble subject to this restriction. If α is a loop at x then a(α, q) is the smallest possible area of an annulus of modulus 1 and homotopic to ϕ(α). We are only interested in this quantity up to a bounded multiplicative constant and it is also boundedly proportional to |ϕ(α)| 2 q whenever ϕ(α) is in good position. It seems convenient to make a further definition which was not in [10] or [11] . We sometimes write a(α, x) or even a(α) for a(α, q), if it is clear from the context what is meant. We also define a ′ (α, q), if α is a loop at x, to be the area of A with respect to q(z)dz 2 , where A is a maximal annulus (possibly degenerate) homotopic to ϕ(α) with ∂A in good position. This definition was not made in [10] or [11] , but it is convenient to make it now. We shall sometimes write a ′ (α, x) or a ′ (α) for a ′ (α, q) if it is clear from the context what is meant. The quantity a ′ (α) can be 0, or much greater than a(α). To simplify statements, we write a ′ (α) = a(α) if α is a gap. So if α is a gap or a loop, a ′ (α, y) is constant for y ∈ ℓ. So we shall sometimes write a ′ (α, ℓ). However, if α is a loop, a(α, y)
If α is a gap or loop, a ′ (α, ℓ) is the q-area of a region R(α) bounded by loops in good position, for any q(z)dz 2 for ℓ. So given α 1 and α 2 , it makes sense to define a ′ (α 1 ∩α 2 , ℓ) to be the q-area of R(α 1 )∩R(α 2 ). We shall, as usual, simply write a ′ (α 1 ∩ α 2 ) if the context is clear. Now we fix parameter functions ∆, r, s : (0, ∞) → (0, ∞) and a constant K 0 . Let α be a gap at x. We say that α is long, ν-thick and dominant at x (for ℓ, and with respect to (∆, r, s)) if x is the centre of a segment ℓ 1 of ℓ length 2∆(ν) alang which α is a gap, |ψ(γ)| ≥ ν for all [ψ] ∈ ℓ 1 and nontrivial nonperipheral γ ⊂ α not homotopic to boundary components, but ℓ 1 ⊂ T (∂α, r(ν) and a(∂α, y) ≤ s(ν)a(α, y) for all y ∈ ℓ 1 . We shall then also say that α is long ν-thick and dominant along ℓ 1 . See 15.3 of [10] and 3.3 of [11] .
This was not quite the definition made in [10] where the context was restricted to S being a punctured sphere, but the results actually worked for any finite type surface. The definition in [11] 3.3 is stated a bit differently, because a ′ (α) was not defined there but this definition is equivalent to that given in [11] 3.3, at least up to a bounded multiplictive constant, which is all that matters. For fixed K 0 we may simply say flat rather than K 0 -flat.
3.2
The first basic result about long thick and dominants in [10] was 15.4, which was stated only for S being a pcntured sphere, but the proof worked for a general finite type surface. Here is a slightly modified statement, which is implied by the even stronger statement 3.11 which we prove below. Lemma For some ν 0 and ∆ 0 depending only on (∆, r, s, K 0 ) (and the topological type of S) and constant d(S) depending only on S, not on (∆, r, s, K 0 ), such that the folllowing holds. Any geodesic segment ℓ of length ≥ ∆ 0 contains a segment ℓ ′ for which there is α such that a ′ (α) ≥ d(S) and either α is a gap which is long ν-thick and dominant along ℓ ′ for some ν ≥ ν 0 or α is a K 0 -flat loop along ℓ ′ . More generally there is s 0 depending only on (∆, r, s, K 0 ) (and the topological type of S) such that whenever ω ⊂ S is such that a(∂ω) ≤ s 0 a(ω) then we can find α as above with α ⊂ ω and the condition a
Since we want to generalise this proof in 3.11, we now give the proof, which can also be found in 15.4 of [10] . We start by considering the case ω = S.
Write r 1 (ν) = e −∆(ν) r(ν). Let g = −4χ(S) and r g 1 denotes the g-fold iterate. We then take ν 0 = r g 1 (ε 0 ) for a fixed Margulis constant ε 0 and
If the first segment of [y − , y + ] of length 2∆(ν 0 ) does not intersect T <ν0 then we take α 1 = S and ℓ 1 to be the first segment of length 2∆(ν 0 ). If the intersection is nonempty, then choose y 1 = [ψ 1 ] within this segment. Choose an essential subsurface ζ 1 with nonempty boundary with |ψ 1 (∂ζ)| < ν 0 , where ζ 1 may or may not include some boundary, and possibly with empty interior with
Take any component γ of ∂ζ 1 such that
We claim that either a
and γ is K 0 -flat -assuming only that ν 0 is small enough given K 0 -and we can then take α = γ -or
and, for a constant C 0 depending only on S,
In this case we shall put α 1 = int(ζ 1 ) and repeat the process. To prove these claims, we can assume that ζ 1 is not a loop or annulus since otherwise the claim is trival. So we are assuming that int(ζ 1 ) is nonempty and is not an annulus. Let y 1 = [ϕ 1 ]. Let S(γ, y 1 , ε 0 ) be the component of S <ε0 homotopic to ϕ 1 (γ). Split S(γ, y 1 , ε 0 ) into three annuli S i , i = 1, 2, 3, such that S 2 is the annulus on which the quadratic differential metric is flat, that is, a(S 2 , y 1 ) = a ′ (γ), and S 1 is adjacent to S(int(ζ 1 , ε 0 ) and S 3 is the comlement of these two annuli in S(γ, y 1 , ε). Let ∆ i be the modulus of S i . then
For a universal constant C 1 , and i = 1, 3,
Since a(S 1 , y 1 ) is also boundedly proportional to a(int(ζ 1 )), we obtain from
and also e g∆1 ≥ ∆ 2 . In this case, from (3.2.4), e g∆1 ≥ C 2 ν −1 0 . Then we obtain (3.2.3). Now suppose that (3.2.2) and (3.2.3) hold, and we have put α 1 = int(ζ 1 ). Put ν 1 = r g−1 1
(ε 0 ). Then ν 0 = r 1 (ν 1 ). Let ℓ 1 be the segment of length 2∆(ν 1 ) centred on y 1 . Then for all y ∈ ℓ 1 , (3.2.2) gives
for any γ in the interior of α 1 then we take α = α 1 , assuming the function r is suitably chosen given s, using (3.2.5). If ℓ 1 does intersect some such T (γ, ν 1 ), then we take y 2 = [ψ 2 ] ∈ ℓ 1 and an essential subsurface ζ 2 of ζ 1 , which is either a proper subsurface or has at least one boundary loop in the interior of ζ 1 , such that
. Then take α to be a component of ∂ζ 2 or put α 2 = int(ζ 2 ) and ν 2 = r g−2 1
(ε 0 ) and continue as before, constructing a decreasing sequence ζ i of subsurfaces, and y i , ℓ i , ν i . Since the decreasing sequence ζ i must have length < g, we can take α = α j for some j < g, and
The case of a general ω is exactly similar. We simply have boundary to consider right at the first stage, rather than from α 1 onwards. ⊓ ⊔ Because of this result we can simplify our notation. So let ν 0 be as above, given (∆, r, s, K 0 ). We shall simply say α is ltd (at x, or along ℓ 1 , for ℓ) if either α is a gap and long ν-thick and dominant for some ν ≥ ν 0 or α is a loop and K 0 -flat.
3.3
The following lemma is probably used several times in [10] but there may not be a clear reference to it there, so here is the statement and (short) proof. Lemma For i = 1, 3, let y i = [ψ i ] and let β i be a subsurface of S with |ψ i (∂β i )| ≤ L. Let ltd parameter functions be suitably chosen given L. Let ℓ 2 ⊂ [y 1 , y 3 ] and let β 2 ∩ β i = ∅ for both i = 1, 3, and let β 2 be ltd along ℓ 2 . Then β 1 ∩ β 3 = ∅ and β 2 is in the convex hull of β 1 and β 3 . Proof. This is obvious unless both ∂β 1 and ∂β 3 intersect the interior of β 2 . In this last case it follows from a very fundamental lemma 15.11 of [10] assuming the ltd parameter functions are chosen. The point is that if [ϕ] ∈ ℓ 2 is bounded from both ends, then ϕ(∂β 1 ∩ β 2 ) and ϕ(∂β 3 ∩ β 2 ) are unions of approximately unstable and stable leaf segments for the quadratic differential for d(y − , y + ) and by 15.11 of [10] the conditions for ltd mean that these cut ϕ(β 2 ) into topological discs with at most one puncture and annuli parallel to the boundary. It folllows that β 2 is contained in the convex hull of β 1 and β 3 .⊓ ⊔ We therefore define (ℓ 1 , β 1 ) < (ℓ 2 , β 2 ) if ℓ 1 is to the left of ℓ 2 (in some common geodesic segment) and β 1 ∩ β 2 = ∅, when β i is ltd along ℓ i for i = 1, 2. This ordering is transitive by the above.
3.4
We refer to Section 3 [11] for a summary of all the results concerning ltd's, and the original sources Chapters 14 and 15 of [10] , where, as already stated, the context is restricted to S being a punctured sphere, but the results work for any finite type surface. The main points about ltd's are, firstly, that they are good coordinates, in which arguments which work in the thick part of Teichmüller space can be applied, and secondly that there is only bounded movement in the complement of ltd's. This second fact, together with 2.5 (and its amplification 2.7) is worth scrutiny. It is, at first sight, surprising. It is proved in 15.14 of [10] , which we now state, in our context. The proof uses 15.4 of [10] -3.2 here -but also an induction on the topological type of S to get into a position to apply this. See also 3.6 of [11] . Note that α may simply be a loop. Lemma Fix long thick and dominant parameter functions ∆, r, s, and a flat constant K 0 > 0. Let ν 0 > 0 also be given. Then there exists M such that the following holds. Let ℓ be a geodesic segment and let α ⊂ S be a maximal subsurface up to homotopy with the property that α is disjoint from all long ν-thick and dominant gaps along segments ℓ 1 ⊂ ℓ for ν ≥ ν 0 , and from all loops m0-flat loops γ for [ϕ] ∈ ℓ 1 ⊂ ℓ. Suppose also that ∂α ⊂ S and all components of ∂α are nontrivial nonperipheral. Then
The following version of 3.4 will be important in constructing the geometric model. It follows directly from the statement of 3.4. Lemma Fix ltd parameter functions and a flat constant K 0 . Let ℓ be any geodesic segment in T (S). Then ℓ × S = ∪ R j=1 ℓ j × α j and the following hold. For each j, α j is a loop or essential subsurface with |ψ(∂α j )| ≤ M for all [ψ] ∈ ℓ j and one of the following holds.
1. α j is a gap and long ν-thick and dominant along λ j for some ν ≥ ν 0 , or is a loop and is K 0 -flat along ℓ j .
2. Condition (3.4.2) holds with (ℓ, α) replaced by (ℓ j , α j ). In this case we say that (ℓ j , α j ) is bounded.
In addition the decomposition is vertically efficient in the sense that if ℓ j and ℓ k are adjacent and (ℓ j , α j ) and (ℓ k , α k ) are both bounded then α j ∩ α k = ∅. Proof. Choose any disjoint set of ℓ j ×α j (1 ≤ j ≤ R 0 ) such that the complement of the union contains no ltd. Then we can write the complement as a disjoint union of sets ℓ k × α k in a vertically efficient way, that is, if ℓ k and ℓ m are adjacent, and ℓ k × α k and ℓ m × α m are in the complement of the ltd's, we can assume that α k ∩ α m contains no essential subsurface, not even an annulus. For if not then let β be the maximum subsurface and rewrite
Since rewriting reduces the topological type of the surfaces involved, finitely many rewritings gives a vertically efficient decomposition. Then we apply 3.4.
⊓ ⊔
The pairs (ℓ j , α j ) in the above are not unique. For example, it is possible for (ℓ j , α j ) to be both ltd and bounded, because the constant M of 3.4 is typically much bigger than the maximum value of ∆(ν 0 ) for ν 0 as in 3.2. This is consistent with the constant M being bounded in terms of the parameter functions and topological type of S. Our geometric model will be constructed relative to some choice of (ℓ j , α j ). The geometric models for any choice will be biLipschitz equivalent.
The quantity
is not canonically defined if |ψ j (∂α)| is bounded from 0. A reasonable definition when α is a gap is
where |.| ′ measures length for a modification of the Poincaré metric which makes the minimum length across a Margulis tube, round a loop of Poincaré length ε, equal to ε −1 + O(1). For details, and the case when α is a loop, see for example 14.3 of [10] , but this also occurs in the work of Minsky and Masur, for example [5] . This quantity
for C 1 depending only on the topological type of S. These are the only properties we shall use.
We usually write d
We also introduced d 
Triangle
The concept of long thick and dominant was mainly developed in order to formulate results about triangles of geodesics in T (S). The following theorem was proved in 15.8 of [10] in the case of a S being a punctured (or marked) sphere. The proof is in fact completely general, once the approximate product structure of the thin part of T (S) has been formalised, a standard procedure but carried out in Chapter 2 of [11] , for example. Also see Chapter 2 of [11] for a definition of the projection π α , and also 2.6. The statment below is taken from Chapter 3 of [11] , where the structure of the proof is also described.
1. There exist K 0 > 0, m 0 > 0 such that the following hold. Let α be a loop which is m 0 -flat on ℓ ⊂ [y 0 , y 1 ] ⊂ T . Then ℓ is a union of two segments ℓ 0 and ℓ 1 , such that for all y ∈ ℓ j there are y
In
In addition, if parameter functions r ′ , s ′ , ∆ ′ are given then for suitable choice of ∆, r, s given these, and two more functions ν 1 , ∆ 1 : (0, ∞) → (0, ∞), either α is long ν 1 (ν)-thick and dominant along ℓ 
, where λ j are defined relative to λ as the ℓ j to ℓ.
Only coordinates matter
The ltd's which occur along a geodesic segment, up to bounded distance, are often determined by only some coordinates of the ends of the geodesic segment. This will be useful. The result of 15.22 of [10] says that if there are loops α j and a constant
Here, C : (0, ∞) → (0, ∞) is some function, derived in Chapter 15 of [10] and depending only on the topological type of S. If α is a loop the bound is
This essential independence of L 1 is not made clear in the orginal statement of 15.22 of [10] , but it follows from the proof. We had better describe Criterion 15.9, of [10] , which, together with an almost (but not quite) opposite criterion 15.8 of [10] , is used to prove 15.22 and similar properties. Given γ ⊂ S and ϕ] ∈ T (S), we say that ϕ(γ) is almost bounded (by M ) if |ϕ(γ)| ′′ ≤ M , where this denotes the length of the intersection of ϕ(γ) with the thick part of ϕ(S) 
Visible boundary and the function x
The function x on T (S), defined with respect to a fixed geodesic segment, is decribed in Chapter 3 of [11] , where some of its properties are also proved. The image of the function x is larger than the geodesic segment in question, but related to the geodesic segment and coincides with the geodesic segment coordinatewise for certain good coordinates. The definition of x uses visible upper and lower boundary of sets of pairs (ℓ, β), where β is ltd along ℓ, using the order determined in 3.3. We shall be using upper and lower boundary in Section 5 below, so we now define it.
So fix a geodesic segment [y − , y + ] ⊂ T (S). Take any set E of pairs (ℓ, β) such that β is ltd along ℓ ⊂ [y − , y + ]. Assume also that E is order closed with respect to the order given by 3.3, that is, if (ℓ i , β i ) ∈ E for i = 1, 3 and (ℓ 1 , β 1 ) < (ℓ 2 , β 2 ) < (ℓ 3 , β 3 ) then (ℓ 2 , β 2 ) ∈ E also. The visible upper boundary B + = B + (E) of E consists of all those (y, β) such that (ℓ, β) ∈ E, y is maximal in ℓ and (ℓ, β) is not contained in the convex hull C(> (ℓ, β), E) of
The visible part of the boundary is the set of (y, β 1 ) such that
The visible lower boundary is similarly defined. Note that B + is not, in general, order-closed, even if B is, and similarly for B − . The visible upper boundary includes at least one maximal element of E, but may well include others. If (ℓ, β) is maximal, then β 1 (ℓ, β, E, +) = β. Given any order closed E, let β 2 be the convex hull of all β with (ℓ, β) ∈ E for some ℓ. We can define x(E, +) ∈ T ≥ε0 (β 2 ), for a fixed Margulis constant ε 0 , using the visible upper boundary, up to bounded distance, by
is a gap and (y, β) is in the visible upper boundary. if β 1 is a loop then we define
Im(π β1 (x(E, +))) = Im(π β1 (y)) and
Re(π β1 (x(E, +))) = 1 ε 0 .
Such a definition is used to define x(z, [y − , y + ]) in [11] . By 3.7, given z, we can define two disjoint order closed sets T + (z) and T − (z) of pairs (ℓ, β) where β is ltd along ℓ ⊂ [y − , y + ]. Let β + , β − be the corresponding convex hulls of subsurfaces β 1 (ℓ, β) for (ℓ, β) ∈ T + (z), (ℓ, β) ∈ T − (z). Then we can define π β− (x(T − (z), +)) as above and
This defines x(T − (z), +) up to bounded distance and we can define x(T + (z), −) similarly. Then they coincide up to bounded distance, and both are x(z, [y − , y + ]) up to bounded distance.
3.10
In hyperbolic geometry a K-quasi-geodesic path is distance O(K) from a geodesic. No such precise result is available in Teichmüller geometry. Nevertheless, we have the following, which we shall use in Section 5.
Lemma
Let ℓ ⊂ T (S) be any path with endpoints a, b such that x(ℓ) = x(ℓ, [y − , y + ]) contains a segment of length ∆ 0 , for ∆ 0 as in 3.2. Then the following holds, for a constant D 1 depending on the parameter functions any sufficiently large constant L. Let β be ltd along a segment ℓ ′ of [x(a), x(b)]. Suppose there is w ∈ ℓ with π β (x(w)) ∈ π β (ℓ ′ ), or Re(π β (x(w)) ∈ Re(π β (ℓ ′ )) if β is a loop, and such that one of (3.10.1), (3.10.2) fails, where 
where |.| β denotes d β -length. More generally, suppose that there are w 1 , w 2 ∈ ℓ with π β (x(w j )) ∈ π β (ℓ ′ ), or Re(π β (x(w j )) ∈ Re(π β (ℓ ′ )) if β is a loop, and such that for each segment ℓ ′′ of length D 1 /2 in ℓ ′ there is a point w between w 1 and w 2 with π β (x(w)) ∈ π β (ℓ ′′ ), or Re(π β (x(w)) ∈ Re(π β (ℓ ′′ )) if β is a loop, and either (3.10.1) or (3.10.2) fails for w. Then
depending on whether β is a gap or a loop. Proof. We use the quantity d β of 3.8. Let w 1 , w 2 ∈ ℓ be points such that π β (x(w i )) are near the ends of µ ′ . Assume without loss of generality that
if β is long ν-thick and dominant along ℓ ′ . Then we have
where 
A Chain of ltd's
We shall use the following generalization of 3.2. The notation (ℓ j , α j ) is used, the same notation as in 3.5. In subsequent sections the {(ℓ j , α j ) : 1 ≤ j ≤ R 1 } produced below will be a subset of the set in 3.5 Lemma Fix long thick and dominant parameter functions and flat constant (∆, r, s, K 0 ). Then there exist ∆ 0 and ν 0 depending only on (∆, r, s, K 0 ) and the topological type of S and a constant c(S) depending only on the topological type of S, such that the following holds.
is between ℓ i and y + , each segment of length ∆ 0 intersects some ℓ i , such that
and either α i is a K 0 -flat loop along ℓ i , or α i is a gap and long ν-thick and dominant along ℓ i for some ν ≥ ν 0 . Moreover if i < j and ℓ j starts within ∆ 0 of the end of
Furthermore, if ω is any essential subsurface of S with |f ± (∂ω)| ≤ L 0 , and d ω (y − , y + ) ≥ ∆ 1 , then we have the following version, where, now, ∆ 1 depends also on L 0 , for constants c 1 (ω) and c 1 (ω, ∆ 0 ). We can choose the α i so that
Proof. For any essential subsurface or loop α ⊂ S, by f − (α) we mean a subsurface of f − (S) which is in good position with respect to the quadratic differential q − (z)dz 2 for d(y − , y + ) and such that the area in
is also the area bounded by f (α). We decompose [y − , y + ] into N successive segments λ n of length ∆ 1 , where
We are going to show that there is some point ξ ∈ f − (S) such that ξ ∈ ∩ N n=1 f − (α n ), where α n is ltd or some boundary loop is K 0 -flat along a subsegment ℓ n of λ n . By 3.4,
has the properties of (ℓ, α) of 3.4. It follows from the proof of 3.2 that
for a constant δ 0 depending only on the ltd parameter functions and the topological type of S. Now at all points of ℓ ′ we have
where C 1 bounds q.d. length in terms of Poincaré length (and C 1 depends only on the topological type of S). Now suppose that ℓ ′ has length ≥ ∆ 0 . Then on the middle half of ℓ ′ , which is separated from the endpoints of ℓ ′ by distance ≥ So then from (3.11.1) we obtain
So given any constant δ 1 > 0, if ∆ 0 is sufficiently large given the parameter functions, we have a
So now, to show the existence of the sequence α n with ξ ∈ ∩ n f − (α n ), we need to find ξ with ξ ∈ f − (β) for any (ℓ ′ , β) as above. We fix a loop γ such that
. To find such a loop: either there is a loop as in the first case or we can find a gap α at y − with a(α) ≥ C 0 . Then by considering all loops in α of q-d length ≤ C 0 we can find one whose good position is not close to the stable foliation, for suitable C 0 depending only on the topological type of S. Then by considering all loops in α for a suitable M (the same as before if suitably chosen), we shall find ξ ∈ f − (γ).
To do this, we need to show that f − (γ) is not contained in the union of the sets f − (γ) ∩ f − (β). Let t(β) be the (Teichmüller) distance from y − to [ψ] such that the minimum of |ψ
. Any interval of length ∆ 0 contains ≤ C 1 of the numbers t(β), where C 1 still depends only on the topological type of S. We only need to show that for each β, f − (γ)∩f − (β) is a union of ≤ C 1 √ δ 1 e t(β) intervals of q-d length ≤ C 1 √ δ 1 e −t(β) with any two of these intervals separated by distance C 
To get the bound on the size of the intervals of intersection, at [ψ] every unstable segment crossing ψ(β) has length ≤ C 1 √ δ 1 . To get the bound on the number of intervals, and the distance between them we can find an annulus round f − (γ) such that stable segments between the boundary components have q-d length ≥ C −1 1 . So any two components of ψ(γ) ∩ ψ(β) are separated by stable distance C −1 1 e −t(β) , and the q-d diameter is ≤ C 1 √ δ 1 . We can ensure that all the a ′ (α n ) ≥ c(S) by a similar technique. We choose a suitable constant ∆ 1 > 0, which will replace ∆ 0 . We can assume without loss of generality that the parameter function ∆ is such that ∆(ν) ≥ ∆ 1 for all ν > 0. We can also assume without loss of generality that log K 0 > ∆ 1 . Then we consider all ltd and K 0 -flat β with a ′ (β) < δ 1 = c(S) for a suitably small δ 1 . We take t(β) as above and then take t 1 (β) to be the largest number < t(β) for which a ′ (β 1 ) ≤ C 1 |ψ(∂β)| 2 q for a nontrivial subsurface β 1 of β adjacent to ∂β. We might have β 1 = β. If not, we get a decreasing sequence t i (β) and disjoint subsurfaces β i with union β and
Then the same method works as above, with ∆ 0 replaced by ∆ 1 and t(β) replaced by the finitely many quantities t i (β).
The lower bound on the a ′ (α m ∩ α n ), for m < n and ℓ n starting within ∆ 0 of the end of ℓ m , is obtained in a similar way. We consider all pairs (β, ζ) such that ζ is long thick and dominant or K 0 -flat along a segment further from y − than the segment for β, but starting within 2∆ 0 of the end of the segment for β, and with a ′ (β ∩ ζ) ≤ δ 2 . Define the numbers t i (β) and the subsurfaces β i as above, and similarly the quantities
So the complement of the union of all such intervals in f − (γ) is nonempty, provided that (∆ 0 /∆ 1 )δ 2 is sufficiently small, depending only on the topological type of S Now we consider how to obtain the result for a general ω. By 3.8, the ltd's along [y − , y + ] are unchanged if we change π S\ω (y ± ). So we choose z ± so that πω(y +) ) = π ω (z + ) and similarly for y − , z − , and so that 
It follows from 3.8 that there is y ′ in the corresponding ltd segment of [
for a suitable constant c 1 (ω) which depends on the topological type of ω, as required. The lower bound on
is similarly obtained from the lower bound on a
3.12
The following is a an immediate consequence. Corollary For the sequence (ℓ i , α i ) as in 3.11 we have, for any i ≤ j and any
where lim ∆0→∞ ε(∆ 0 ) = 0. A similar statement holds with d(y, y ′ ) replaced by d ω (y, y ′ ) when we choose all the ℓ i d ω distance ≤ ∆ 0 apart and α i ⊂ ω for all i. Proof. We have, from the definition of d ′ αi,αj , for a constant C 0 depending only on the topological type of S,
But we claim that is i ≤ k ≤ j, for a constant c 0 depending only on the topological type of S ,
This is proved in the same way as 3.3. The result is trivial unless both ∂α i and ∂α j intersect the interior of α k . Then, as in 3.3, for [ψ] in the middle of ℓ k , the ψ(∂α i ) is approximately tangent to the unstable foliation of the quadratic differential for [y − , y + ], while ψ(∂α j is approximately tangent to the stable foliation. Then the fundamental lemma 15.11 of [10] gives that any piece of ψ(α i ∩ α k ), bounded by a sufficiently long segment of ψ(∂α i ), intersects ψ(α j ∩ α k ), and similarly with i and j interchanged. So from 3.11 if the distance between ℓ i and ℓ j is ∆ we obtain
for c(S, ∆ 0 ) as in 3.11. Taking logs we obtain the required result for S. The result for a general ω is similar. ⊓ ⊔ 4 The Geometric Model First we note that if [y − , y + ] ⊂ T ≥ε0 for some suitable constant ε 0 , then the metric can be described as follows, as is well known from [6] and [8] . Let σ t be the Poincaré metric on [ψ t (S) on y t = [ψ t ] ∈ [y − , y + ] with d(y − , y t ) = t, and identify [y − , y + ] with [0, T ] via the map y t → t. Then the required Riemannian metric on [0, T ] × S is dt 2 + ψ * t (σ t ). The general case is not too far from this. For each j, we define S j,t ⊂ ψ t (S) and homotopic to ψ t (α j ) as follows. If α j is a loop then S j,t is the standard collar [6] round the geodesic homotopic to ψ t (α j ) in ψ t (S) with the metric σ t . If α j is a gap then S j,t is bounded by the standard collars round the geodesics homotopic to the components of ψ t (∂α j ). We now choose the ψ t so that, for y t , y s ∈ ℓ j , ψ t •ψ −1 s ({s}×∂S j,s ) = {t}×∂S j,t . We also want ψ t • ψ −1 s to have constant derivative with respect to length on ∂S j,s , ∂S j,t . Then we make one final condition, which determines ψ t • ψ −1 s uniquely on {s} × ∂S j,s if α j is a loop and s, t ∈ ℓ j . This will also determine ψ t • ψ −1 s uniquely on {s} × ∂S k,s if α k is a gap, because then each component of ∂S k,s is contained in ∂S j,s for some loop α j . So let γ = α j be a loop. Choose a loop ζ = ζ(γ) with boundedly many intersections (say ≤ 2) with γ. It is convenient to choose ζ so that |ψ t0 (γ) \ S j,t0 | is bounded, where [ψ t0 ] is the left endpoint of ℓ j Choose contiguous arcs ζ 1 , ζ 2 of ζ with ζ = ζ 1 ∪ ζ 2 , both with both endpoints on γ, and let x be the common endpoint on γ. It is allowable to take ζ 1 = ζ 2 , in which case we choose one of the common endpoints x. Then (ψ t (ζ i ), ψ t (γ), ψ t (x)) is homotopic to (ζ i,t , γ i,t , x i,t ), where γ i,t is one of the components of ∂S j,t , γ i,t is a geodesic arc disjoint from S j,t but meeting ∂S j,t at rightangles at both ends, and x i,t ∈ γ i,t ∩ ζ i,t . Then x 1,t and x 2,t are in distinct components of ∂S j,t . Then for y t , y s ∈ ℓ j , ψ t • ψ −1 s (x i,s ) = x i,t . We can do this and also have ψ t • ψ −1 s of bounded distortion whenever |t − s| is bounded. Note that if t 1 is such that [ψ t1 ] is at the righthand end of ℓ j then ζ 1,t1 ∪ ζ 2,t1 can be extended to a loop homotopic to ψ t1 (ζ) which is a bounded distance from the geodesic in its homotopy class. A different choice of ζ 1 wil change the ψ t by at most a bounded amount.
We take the Riemannian metrics
and dt
in the ltd and bounded cases respectively, on
This then defines the metric on all of [0, T ] × S except for finitely many disjoint solid tori. Each torus is homotopic to {t} × γ for some simple loop γ ⊂ S and any t. We have discontinuites in the Riemannian metric at points (∂ℓ j ∩∂ℓ k )×S, which can be smoothed away if desired. It remains to define the metric on the solid tori. We already have the metric on the boundary of each solid torus. Since all components of all ∂S j,t have the same lengths up to bounded distortion, the metric on the boundary of each solid torus is actually a Euclidean metric up to bounded distortion. Now the boundary of a Margulis tube T (γ * , ε 0 ) in a hyperbolic manifold is a Euclidean torus, with the geometry of the Margulis tube completely determined by the length of the meridian curve and the length of the shortest longitude curve. We simply fill in each solid torus with a Margulis tube with the right boundary torus up to bounded distortion. If the solid torus is homotopic to {t} × γ then we call the core loop γ * * and the solid torus T (γ * * ). This solid torus is now a Margulis tube up to bounded distortion. This then completely determines the metric M (y − , y + ), up to bounded distortion. The model manifold is independent, up to Lipschitz equivalence, of the decomposition of 3.5, and of the long thick and dominant parameter functions used. This model is consistent with Rafi's examples [9] . In one of Rafi's examples, adapting to the present notation, S is a closed surface of genus two, and [y − , y + ] is the union of two segments ℓ 1 , ℓ 2 along which loops γ 1 and γ 2 respectively are K 0 -flat, apart from m a bounded segment in the middle. The convex hull of γ 1 and γ 2 is (for example) S \ γ 3 where γ 3 is not K 0 -flat along any segment. In the corresponding hyperbolic manifold with ending data (y − , y + ) (or even close to this) the geodesic loop (γ 3 ) * is not short. But for [ψ] ∈ ℓ 1 ∪ ℓ 2 bounded from y ± , |ψ(γ 3 )| is small, and → 0 as the length of both ℓ 1 and ℓ 2 → ∞. In the model manifold M (y − , y + ) the geodesic (γ 3 ) * * is not short. In fact, for γ * * to be short in M (y − y + ) we must have either γ = α j where α j is K 0 -flat along ℓ j , or γ ⊂ ∂α j where α j is ltd along ℓ j , or γ is in the convex hull of a large number of α j for adjacent segments ℓ j . But |ψ(γ)| is small if γ is in the convex hull of just some α j , α k where α j , α k are ltd or K 0 -flat along sufficiently long adjacent segments ℓ j , ℓ k , and [ψ] ∈ ℓ j ∪ ℓ k is far from both endpoints ( [10] 15.21). 
5.1
The following is a key step in the proof of 1.2.
Lemma Fix a finite type surface S. Let N be any Kleinian surface hyperbolic 3-manifold with associated isomorphism ρ :
, and given L, there exists L ′ depending only on a choice of ltd parameter functions, the topological type of ω and L 0 , L, such that the following holds. Let |(∂ω) * | ≤ L 0 . Let f ± : S → N be any two pleated surfaces such that the pleating locus of f ± includes ∂ω. Then there are thin-modifications g + and g − of f + , f − such that the following holds. Write
Let (ℓ i , α i ) be any sequence as in 3.11 for
depending on whether α is a gap or a loop.
Hence, let γ ⊂ α i0 be such that
′ , where γ * is the corresponding geodesic in N
5.2
The point of Lemma 5.1 is to put us in a position to prove 1.2 by induction on the topological type of the surface. Specifically, having proved 5.1, we shall then prove the following. Lemma Fix a finite type surface S. Let N be any Kleinian surface hyperbolic 3-manifold with associated isomorphism ρ :
depending only on a choice of ltd parameter functions, the topological type of ω and L 0 such that the following holds. Let (|∂ω) * | ≤ L 0 . Let f ± : S → N be any two pleated surfaces such that the pleating locus of f ± includes ∂ω and let g ± be the thin-modifcations of f ± of 5.1.
Let B be any set of (ℓ, β) such that β ⊂ ω, β is ltd along ℓ and ℓ is a segment of
, and there is a thin-modified pleated surface f : S → ℓ whose pleating locus includes ∂β and whose pleating locus consists of loops γ with |γ * | ≤ L ′′ 0 , γ is in the upper boundary of B and
at the right end of ℓ, and
This will be proved by induction on the topological type of ω. At one point the inductive hypothesis of 5.2 will be used in the proof of 5.1, so they are proved in tandem. For this reason the statement of 5.2 is a little more involved than it might appear to need to be. Roughly speaking, 5.2 simply extends 5.1 from the (ℓ i , α i ) of 3.11 to all (ℓ i , α i ) in the decomposition of 3.5. We shall see in 5.7 how to obtain 1.2 from 5.2.
Outline proof of 5.1
The aim is, for a suitable 
2.
[ϕ] ∈ [z m,− , z m,+ ],
3.1) depending on whether α m,+ is a gap or a loop, and similarly with + replaced by −,and left and right interchanged. 
If we can satisfy 1-4 then we can obviously find m 1 such that 5 holds, because 4 implies that d 
depending on whether α is a gap or a loop, assuming that ∆ 1 is large enough given L 1 . We also make use of 2.2 in the case when α m,+ and f m,+ |α m,+ is the same for a large number of successive m, and similarly for + replaced by −. Similarly, we shall use 3.8 to obtain (5.3.1) from 5 above, as we shall see.
If we start with d(y + ), [ϕ]) ≤ ∆ 3 1 or similarly with y − replacing y + then there is nothing to prove. So now suppose we have found y m1,± and α m1,± as in 5 above. If one of α m1,± = α i , then 5.1 follows immediately. If α m1,+ = α i and α m1,− = α i , then α i is in the convex hull of α m1,+ and α m1,− by 3.3. By 2.2, it does not matter how we choose the pleating locus of f m1,+ outside α m1,+ , and similarly for f m1,− outside α m1,− . So then we can assume that f m1,+ and f m1,− are related by finitely many elementary moves and can apply 2.9, 2.10 to deduce that |(∂α) * | and d α (y m1,+ , [ϕ]) or |Re(π α (y m1,+ ) − π α ([ϕ]))| are bounded, depending on whether α is a gap or a loop.
Construction of
We use |.| ω to denote length of paths with respect to the d ω metric.
Lemma
The following holds for a suitable K > 0.
Take any points y ± = [f ± ] ∈ T (S) where f ± : S → N is a pleated surface. We also fix ω such that the pleating locus of both f ± includes ∂ω and |(∂ω) * | ≤ L 0 (possibly with ω = S and ∂ω = ∅). Then there is a sequence g n (−n − ≤ n ≤ n + ), where g n is a thin modified pleated surface in N , with [g − ] = [g −n− ] a thin-modification of y − and g + = g n+ a thin-modification of y + , all with bending locus including ∂ω such that
≤ K with the pleating loci of g n and g n+1 related by an elementary move, or g n and g n+1 are thin-modifications for a loop γ n (2.4) and g n − g n,0 , g n+1 = g n,mn where g n,i are thin-modifications for γ n and
and for 0 ≤ i < m n ,
Proof. If ω = S, we can assume that f − = f + on S \ ω by changing the deifnintion of f − there if necessary. Our thin-modified pleated surfaces will then always be equal to f + off ω.
We use the decomposition of [y − , y + ] × ω into sets ℓ i × α i of 3.5. Suppose that α i is a gap. Let P M G(α i , ∂α i ) be the group of orientation-preserving homeomorphisms of α i fixing all punctures and and boundary components of ∂α i , modulo isotopy. Fix a loop set Γ (i) ⊃ ∂α i such that α i \ (∪Γ (i) ) is a union of pairs of pants, some of which may have some zero length components, at punctures of α i , and fix a generating set of P M G(α i , ∂α i ). Then choose a sequence [ϕ n,i ] of points in ℓ i such that successive points in the sequence are a bounded d αi -distance apart, and a sequence
This can be done for L bounded in terms of the ltd parameter functions, since either (ℓ i , α i ) is bounded in the sense of 3.4, or α i is long ν-thick and dominant along ℓ i for some ν ≥ ν 0 . Then consider the sequence {[ψ n,i (Γ (i) )]}. Then by [4] interpolate boundedly finitely many loop sets in between any two elements of this sequence, to obtain a new sequence {Γ n,i } in which successive elements are related by elementary moves. Now we use the Γ n,i to produce a sequences of loop sets Γ n ⊂ Γ ′ n such that ω \ Γ n is a union of pairs of pants, with some boundary loops of bounded length such that the following hold, for an integer k 0 bounded in terms of the topological type of S.
ω \ ∪Γ
′ n ) is a union of topological discs with at most one puncture. 3. Γ n and Γ n+1 are related by an elementary move, except for at most one n for each γ ⊂ ∂α i , for each i. In this case there is a loop intersecting ζ transversally at most twice such that ζ ∈ Γ n and σ m γ (ζ) ∈ Γ n+1 for some m, where σ γ denotes Dehn twist about γ. 5. For any n, for some 0 ≤ j ≤ k 0 , Γ n+j is a union of loop sets Γ pi,i , and if Γ pi,i does occur then for each γ ⊂ ∂αi \ ∂ω there is also some Γ n+k , k ≤ k 0 such that a loop from Γ n+k intersects γ transversally.
Γ
Then let f n be the pleated surface with pleating locus Γ n . If f n and f n+1 are related by an elementary move, let f n,n+1 , f n+1,n be the thin modifications of f n , f n+1 for the single loop of
. This is possible by 2.7. We take g 0 = f 0,1 and g p = f p,p−1 . If 0 < n < p and both Γ n−1 and Γn + 1 are obtained from Γ n by elementary moves, then the fact that the loops of Γ n−1 \ Γ n and Γ n+1 \ Γ n have boundedly many intersections, and the proof of 2.10, show that d([f n,n−1 ], [f n,n+1 ]) is bounded. So in this case we can take g n to be either f n,n−1 or f n,n+1 , and by 2.7 we have
In the case when f n , f n+1 are related by two elementary moves as in 3 above, then we take g n = f n,n−1 and g n+1 = f n+1.n+2 . Then by 2.9, we have
for m as in 3 above, and by 2.9 we have thin-modified pleated surfaces g n,i for 0 ≤ i ≤ m interpolating between g n and g n+1 , with the required properties. We can clearly ensure that each loop set Γ n occurs at most once, and then we have (5.4.1) ⊓ ⊔
We then define
, and
Note that for any n 1 < n 2 the following paths have d ω -length ≤ K times the d ω length of the geodesic with the same endpoints:
for any i < m n1−1 and any j ≤ m n2 .
Construction of y
We shall use the function x of 3.9 (Section 3 of [11] ), defined (unless otherwise specified) relative to the geodesic containing the segment [y m,− , y m,+ ]. We shall use x(., [y, y ′ ]) to denote the function x defined relative to a geodesic containing a segment [y, y ′ ]. The function x, which is really only defined up to bounded distance, has image in T ≥ε0 . If d(y, y ′ ) is bounded, then so is d(x(y), x(y ′ )). We shall make use of the lemma in 3.10. We shall also make use of the concept d 
depending on whether α is a gap or a loop. Such a point y m,0 exists by 3.8. 
depending on whether α k is a gap or a loop, and similarly for y ′ . Now we claim that for at least one such y with
for D 1 as in 3.10 and ∆ 0 as in 3.11 and 3.2. If we do have such estimates, we shall also have such estimates with y ′ replacing y and 12∆ 0 KD 1 replaced by 12∆ 0 KD 1 + K. If we do not have such estimates we see by 3.10, summing over ℓ(y m,0 ) and all ℓ k between ℓ(y m,0 ) and y m,+ and within distance replacing 12∆ 0 KD 1 . We then take α m,i+1,+ = α m,i,+ ∪ ζ m,i+1 .
We can then take a thin-modified pleated surface y 
Proof of 5.2
We shall now prove 5.2 by induction on the topological type of ω. If ω is a a simple loop on S, then the theorem is trivially true. So now suppose inductively that 5.2 holds with ω replaced by any proper essential subsurface ω ′ . Now let N and f ± : S → N be given, where ∂ω is in the bending locus of both f ± and |(∂ω) * | ≤ L 0 . By 3.11, there is at least one sequence of (ℓ i , α i ) as in 3.11, with α i ⊂ ω for all i, to which we can apply 5.1.
By 5.1, there is a constant L 1 (forget the constant L 1 in the proof of 5.1) such that, for all i, we can choose g i,± : S → N whose pleating locus includes ∂ω and ∂α i and other loops giving a complete pair of pants decomposition of α i , and such that the loops in α i in the pleating locus of g i,+ have length ≤ L 1 at the positive end z i,+ of ℓ i , and similarly for g i,− . By 2.10,
, where C i denotes the convex hull of ∂α i and ∂α i−1 . We can therefore assume that the bending locus of g i−1,+ and g i,− includes ∂C i and that all closed geodesics in the bending locus of g i,± in C i have length ≤ L 1 . We can then take g i−1,+ = g i,− off C i . Now inductively we are going to define sets B i,r B ′ i,r of pairs (ℓ, β) with the following properties. Inductively we shall show the following.
Let (ℓ, β) ∈ B i,r and let y = [ϕ] ∈ ℓ. Take any collection Γ of disjoint simple loops in β with |ϕ(Γ)| ≤ L 0 . Then there is a thin-modified pleated surface f with pleating locus including ∂β ∪ Γ such that
depending on whether β is a gap or a loop. Similar properties hold for B ′ j,r
Let E be any order closed subset of B i,r such that if (ℓ, β) ∈ E with β a loop and K 0 -flat along ℓ, then ℓ is maximal with this property. There is a thin-modified pleated surface f : S → N whose pleating locus consists of loops γ with |γ * | ≤ L r , γ is in the visible upper boundary of E with |ϕ(γ)| ≤ L r for [ϕ] the right end of ℓ for the corresponding (ℓ, β) and Eventually we reach an r such that there is just one set B ′ 1,r . This happens for r bounded in terms of the toplogical type of r, because α i,t is properly contained in α j,t+1 for B i,t contained in B j,t+1 . For the largest r for which B ′ j,r is defined for at least one j, we have j = 1 only and (ℓ i , α i ) ∈ B Now once we have (5.6.2), and therefore also (5.6.3) for B i,r for all i, then we can choose thin-modified pleated surfaces g i,±,r corresponding to the visible upper and lower boundaries of B i,r . We can also ensure that the pleating locus of g i,+,r includes ∂ω, ∂α i,r , ∂C(i, i + 1, r), where C(i, i + 1, r) is the convex hull of α i,r and α i+1,r and similarly for g i+1,−,r . We can choose g i,+,r = g i+1,−,r off C i,i+1,r . Now we choose two further intermediate thin-modified pleated surfaces g i,+,+,r and g i,−,−,r , as follows. An easy induction shows that each B i,r contains a unique maximal element of the form (ℓ n , α n ) for some n. Similarly B i,r+1 has a unique minimal element which is then (ℓ n+1 , α n+1 ) for the same n. Then let C ′ (i, i + 1, , r) denote the convex hull of α n and α n+1 . We can then ensure that the pleating locus of g i,+,r includes ∂α n and that the pleating locus of g i+1,−,r includes ∂α n+1 . The distance between the right end of ℓ n and the left end of ℓ n+1 in [y − , y + ] is ≤ ∆ 0 . So we can choose g i,+,+,r to have pleating locus including ∂α n , ∂C(i, i + 1, r), ∂C ′ (i, i + 1, r), and, as usual, ∂ω, and g i+1,−,−,r to have pleating locus including ∂α n+1 , ∂C(i, i + 1, r) and ∂C ′ (i, i + 1, r) (and ∂ω) and such that
. Indeed we can take g i,+,+,r = g i+1,−,−,r off C ′ (i, i + 1, r). For i = 1, we can choose g 1,−,−,r to have pleating locus including ∂α 1 so that
We can also choose g 1,−,r to have pleating locus including ∂α 1 . We can make similar conditions on g k,+,r and g k,+,+,r for the maximal k. So we now have thin-modified pleated surfaces in order: β 1 ) ∈ B i,r , (ℓ 2 , β 2 ) ∈ B i+1,r , such that (ℓ 1 , β 1 ) < (ℓ, β) < (ℓ 2 , β 2 ).
We can assume that (ℓ 1 , β 1 ) is in the visible upper boundary of B i,r and (ℓ 2 , β 2 ) in the visible lower boundary of B i+k,r , assuming as we may as well do that 
Where short loops can occur
Fix ending data µ ± , M = M (µ − , µ + ) and a hyperbolic manifold N with this ending data. Let ℓ × α occur in a decomposition of type 3.5 for [y − , y + ] × S for all y ± sufficiently close to µ ± , with α a gap. Let γ be a loop in the interior of α such that |ϕ(ℓ)| ≤ L. It follows from 5.2 that |γ * | ≤ L ′ , where L ′ depends only on L and the ltd parameter functions. Lemma Let γ ⊂ S be any loop Either γ ⊂ ∂α j for some ℓ j × α j in the decomposition of 3.5, or |γ * | ≥ ε 1 for a constant ε 1 depending only on the ltd parameter functions. Proof By [2] (see 2.3) we can choose y ± = [f ± ] for pleated surfaces f ± such that closed geodesics in their pleating loci are bounded, and such that the Margulis tube T (γ * , ε 0 ), if any, is between f − (S) and f + (S). Now let g n be the thinmodified pleated surfaces of 5.4 between thin-modifications g ± of f ± . By 5.2, there is a constant L such that |ζ * | ≤ L for any ζ in the pleating locus of any g n . So for ε sufficiently small given L, ζ * does not intersect T (γ * , ε) unless ζ = γ. Now suppose that γ is not contained in ∂α j for any ℓ j × α j in the decomposition. Then γ is only in the pleating locus of g n if g n is one of the thin-modified pleated surfaces whose pleating locus includes ∂α, or ∂α ′ or ∂α We are using here that the decomposition into sets ℓ × α i is vertically efficient (3.5). So then T (γ * , ε) is contained in the image of boundedly finitely many bounded diameter homotopies, which gives the required lower bound on |γ * |.⊓ ⊔
Margulis tubes Correspond
As in 4.1, we denote by T (γ * * ) the Margulis tube (if any) with core loop γ * * homotopic in [0, T ] × S to {t} × γ.
Lemma If |γ * | < ε 2 for ε 2 sufficiently small given ε 1 then T (γ * * ) = ∅ and |γ * * | < ε 1 . Conversely if ε 1 is sufficiently small given ε 2 and |γ * * | < ε 1 then |γ * | < ε 2 . Also, the areas of ∂T (γ * * ) and ∂T (γ * , ε 0 ) are boundedly proportional. Proof. We already know that if |γ * | < ε 2 for ε 2 sufficiently small, then γ = ∂α j for some ℓ j = α j in the decomposition. Let A be the set of k such that α k is a gap with ∂α k = γ. Let A 1 be the set of k ∈ A such that ℓ k × α k is ltd and A 2 = A \ A. Then by the definition of the metric in M , the area of ∂T (γ * * ) is boundedly proportional to
Now if k, j ∈ A 2 , α k ∩ α j contains no nontrivial subsurface, apart from γ, by the vertically efficient condition and 3.3. Now the area of ∂T (γ * , ε 0 ) is bounded above by the number of different pleated surfaces g n |α k for k ∈ A, which is bounded above by a multiple of the sum in 5.8.1. But the area of ∂T (γ * , ε 0 ) is also bounded below by the sum in 5.8.1 because for any constant L ′ there is k(L ′ ) such that for any x ∈ ∂T (γ * , ε 0 ), there are at most k(L ′ ) loops ζ such that for some n there is a loop on g n (S) of length ≤ L ′ and within distance L ′ of x. So the areas of ∂T (γ * * ) and ∂T (γ * , ε 0 ) are boundedly proportional as claimed. If |γ * | < ε 2 and the area of ∂T (γ * , ε 0 ) is bounded by a constant C, then the area of T (γ * * ) is bounded by a constant C 1 (C). If ε 2 is sufficiently small then we have seen that the only thin-modified pleated surfaces g n which can enter T (γ * , ε 2 ) are those whose pleating locus includes γ, and then this is only possible on g n |α k for k ∈ A as above. Moreover homotopy tracks between g n and g n+1 in T (γ * , ε 0 ) are bounded except when g n and g n+1 are thin-modified for arcs ζ 1 , α 2 where α 1 ⊂ ζ and ζ 2 ⊂ σ m γ (ζ 2 ) for a large m. In this case |g n (ζ)| and |g n+1 (σ m γ (ζ))| are bounded. Then there are [ϕ 1 ] ∈ ℓ j and [ϕ 2 ] ∈ ℓ k , for j, k ∈ A, such that |ϕ 1 (ζ)| and |ϕ 2 (σ m γ (γ)| are bounded. By the definition of the metric for M this makes |γ * * | < ε 1 for ε 2 sufficiently small given ε 1 and C. The converse in the bounded area case is proved in exactly the same way. ⊓ ⊔
5.9
From what we have seen about the limited number of homotopies intersecting Margulis tubes, we have the followng. Corollary For sufficiently small ε 1 given a sufficiently small ε 2 , the following holds. For any thin-modified pleated surface g k from the sequence in 5.4 with pleating locus including ∂α n , for ℓ n × α n in the decomposition of 3.5 and γ such that γ intersects the interior of α n , the order of ℓ n × α n and T (γ * * ) in M is the same as the order of g k (S) and T (γ * , ε 2 ) in N , and T (γ * , ε 2 ) is in an unbounded component of the complement of g k (S).
In particular, the different Marguli tubes T ((γ 1 ) * , ε ) ) and T ((γ 2 ) * , ε ) ) are unlinked and occur in the same order in N as T ((γ 1 ) * * ) and T ((γ 2 ) * * ) in M .
Construction of Φ
Now we use the notation of 4.1 to define Φ : M → N . We let g n be the pleated surfaces of 5.4. We define Φ to map ψ −1 t (S j,t ) to within a bounded distance of g n (α j ) \ collar(g n (∂α j ) whenever α j is a gap, t ∈ ℓ j for some pleated surface such that d αj ([ψ t ], [g n ]) is bounded. We can also ensure that ∂T (γ * * ) is mapped to ∂T (γ * , ε 0 ) whenever |γ * | < ε 2 . Then composing Φ with a homeomorphism preserving each ψ −1 t (S j,t ) if necessary, we can make Φ Lipschitz restricted to this set, because whenever α k is a gap and ∂α k is in the pleating locus of both g n and g n+1 , the homotopy tracks between g n |α k and g n+1 |α k are bounded. Now we define Φ on the boundaries of the Margulis tubes T (γ * * ) so that it will extend to a Lipschitz and coarse biLipschitz map across the Margulis tubes. We need to decide how to map just one point on each component of each ∂S j,t , and then keep the property that a component of ∂S j,t is mapped to a bounded loop of the appropriate ∂T (γ * , ε 0 ). We need to decide how to map the points ψ −1 t (x t,i ) of 4.1. The points x t,i are defined using [ψ t ], or rather, the surface ψ t (S), and a fixed loop ζ with a decomposiition of ζ into arcs ζ 1 , ζ 2 , possibly with ζ 1 = ζ 2 , and corresponding arcs ζ t,i in ψ t (S). We can similarly define points x([g], i) ∈ g(S) by exactly the same procedure, using arcs ζ([g], i) in g(S). Then, keeping the Lipschitz and coarse biLipschitz properties restricted to ∂T (γ), we can take Φ(ψ 
Proof of 1.2
The following lemma completes the proof of 1.2 Lemma Φ is coarse biLipschitz. Proof. It suffices to show that there are K 1 and K 0 such that for any geodesic γ in M such that there is a K 0 -quasigeodesic γ 1 in M such that Φ(γ 1 ) is homotopic to γ via a homotopy fixing endpoints, we have
It suffices to prove this for γ of length ≤ 1, and for fixed K 0 , that there is K 2 such that γ 1 has length ≤ K 2 . We see this as follows. We choose parameter functions so that the length parameter function is ≥ ∆(ν, 1) for K(1, ν) as in 5.10. Then any γ 1 can have at most bounded intersection with ltd sets ℓ k × α k .
There must be at most bounded intersection with large Marglis tubes, since Φ is coarse biLipschitz restricted to these. So the projection of γ 1 to the first coordinate (in [0, T ]) is bounded, and so γ 1 lies within a bounded distance of a bounded geometry subsurface. So the bound on |γ| gives a bound on |γ 1 |. ⊓ ⊔
